We report on the numerical results of period timing bifurcations in a dispersionmanaged (DM) fiber laser with zero group velocity dispersion (GVD).The fiber laser is passively mode-locked by using the nonlinear polarization rotation technique. Period-tripling bifurcation route to chaos is numerically observed apart from the conventional period-doubling bifurcation route to chaos. The small signal gain is the only varying parameter, while all the other cavity parameters are fixed. Different from the conventional period-doubling bifurcation route to chaos where the route begins from order, the period-tripling bifurcation route to chaos is led by a direct route from period one to chaos and then to a period-tripling state. The appearance of nonlinear window of period-tripling suggests that the ultrashort pulses generated from the DM fiber laser with zero GVD have rich nonlinear dynamics.
Introduction
Bifurcation refers to a sudden appearance of a qualitatively different solution for a nonlinear system when some parameters are varied. It could be observed in various nonlinear systems, for example, bifurcations of periodic orbits are readily observed in absorption spectra [1] and unbound molecular systems [2] , bifurcations of closed classical orbits could be observed in continuum Stark spectra [3] and photo-absorption spectra of atoms [4] . Bifurcations are well-studied to understand the dynamical complexity of optically injected semiconductor lasers [5] . Quantum entanglement dependence on bifurcations and scars in non-autonomous systems is explored to link the properties related to entanglement in quantum systems with distinct properties of the corresponding classical systems [6] . Kutz et al. studied the dynamics and bifurcations of a planar map in a lossless optical fiber with periodically varying dispersion, which can be used to explain modulated pulse propagation [7] .
The laser is a typical paradigm of a nonlinear system. Period tripling and chaos was discovered in a directly modulated diode laser [8] . Due to the long interacting distance between the light and the fiber, fiber lasers, especially the mode-locked fiber lasers, are an ideal platform for studying nonlinear effects. Compared with other nonlinear systems, the nonlinear dynamics could be easy and convenient to research. Period-doubling bifurcation route to chaos is a well-known feature of nonlinear systems transiting from order to a chaotic state [9] . Tamura et al. have reported the observation of period doubling and tripling in a soliton fiber ring laser [10] . As ultrashort pulse generated in fiber lasers has fixed parameters at a fixed position in a steady state, or the dissipative nature of a fiber laser is considered as a small perturbation [11] , or the fiber laser is considered as an averaged distributed system [12] , ultrashort pulse generated in fiber lasers are also considered as solitons. Period doubling, period tripling, and the corresponding bifurcations of solitons have been found in numerical simulations based on the classical one-dimension quantic complex GinzburgLandau equation (CGLE) [11] . The period doubling generally begins from period-one, while a special bifurcation of period tripling is presented where the period-3 states connect two period-6 solutions with the varying of the nonlinear gain [11] . Period tripling bifurcation was numerically observed with the varying of spectral filtering or the altering of group velocity dispersion coefficient of the gain fiber [13] . Experimentally, the changing of nonlinear gain alone, the varying of spectral filtering alone, or the altering of group velocity dispersion coefficient of the gain fiber alone is difficult to achieve without simultaneously changing other operation parameters. That is, all the above-mentioned numerical demonstration of period tripling or period tripling bifurcation is difficult to be experimentally duplicated [10] . However, they qualitatively suggest the existence of period-3 windows as a natural explanation in the CGLE model. It is desired to find another parameter that can function as the variant for obtaining period tripling or period tripling bifurcations and can be easily demonstrated in experiment.
Zhao et al. have demonstrated that the period doubling could occur in a fiber laser when the cavity dispersion is either negative [14] , positive [15] , or around zero [16] . Period-doubling bifurcation route to chaos was observed in a fiber laser with dispersion-managed (DM) cavity [14] . The occurrence of period doubling is an intrinsic feature of the mode-locked fiber lasers independent of the pulse profile. Period doubling or period-doubling bifurcations could appear provided that the accumulated nonlinearity is strong enough.
Cavity dispersion is a crucial parameter for pulse generation in fiber lasers. Anomalous dispersion will result in the conventional soliton [10] , [11] , [14] . Normal dispersion or positive dispersion will cause the dissipative solitons [15] . Pulses with Gaussian spectral shape will be generated for around zero dispersion [16] . To observe the phenomena of period timing especially period-timing bifurcation, appropriate nonlinearity is required as too-small nonlinearity could not satisfy the appearance of period timing and too large nonlinearity would lead wave-breaking or multiple pulse generation [11] . Compared with the all-anomalous dispersion cavity, the DM cavity releases the wave-breaking pressure by broadening the pulse when the pulse propagates in the normal dispersion fiber segment. Compared with the all-normal dispersion cavity, where the pulse width is always broad, the nonlinearity accumulated in the DM cavity is stronger. Therefore, a fiber laser with DM cavity is more suitable for studies of all kinds of period-timing bifurcations. To enrich the understanding of the phenomena of period-timing bifurcation in fiber lasers, here we numerically study the dynamics of period-timing bifurcation in a DM fiber laser. As time jitter is extremely important for fiber laser applications in such as telecommunication and bio-imaging. The net cavity group velocity dispersion (GVD) is deliberately tuned to zero as the time jitter is least for this configuration [17] . Two different period-timing bifurcation routes from a stable state to chaos are numerically observed. Period-tripling bifurcation is numerically observed apart from the conventional period-doubling bifurcation route to chaos. The small signal gain is the only varying parameter, which is easy to be testified in experiment. Different from the conventional period-doubling bifurcation route to chaos, where the route begins from order, the period-tripling bifurcation route to chaos now is led by a direct route from period one to chaos. The appearance of the nonlinear window of period tripling suggests that the ultrashort pulses generated from the DM fiber laser have rich nonlinear dynamics. 
Numerical Simulations
Generally, the ultrashort pulses generated in a fiber laser could be well described by the GinzburgLandau equation (GLE), which is a paradigm description of non-conservative systems. However, it is difficult to find an analytical solution of the GLE. Therefore, numeric solution is adopted to accurately describe the soliton dynamics in the fiber laser. To explicate the pulse evolution in the fiber laser, the pulse-tracing technique is generally used. With this technique the soliton properties such as soliton sideband asymmetry [18] , soliton subsideband generation [19] , soliton pulse nonuniformity [20] , [21] , period-doubling bifurcation [14] , and bound states of solitons [22] have been numerically demonstrated.
The fiber laser simulated is shown in Fig. 1 . A DM cavity is adopted to move the GVD to zero. The nonlinear polarization rotation technique is used to achieve mode locking. Pulse tracing technique is utilized.
Briefly speaking, we start our simulation with an arbitrary small bright pulse and let it circulate in the cavity. When the pulse propagates in the cavity, as it meets a discrete component, such as the polarization controller or the analyzer, the light field is multiplied by the transmission matrix of the component. The result of the former round of the calculation is used as the input of the next round of the calculation. The pulse propagation in fiber segments is described by the coupled GLEs [18] :
where u and υ are the normalized envelops of the optical pulses along the two orthogonal polarized modes of the optical fiber, 2β = 2π n/λ is the wave number difference between the two modes, 2δ = 2βλ/2πc is the inverse group velocity difference, k is the second-order dispersion coefficient, k is the third-order dispersion coefficient, γ represents the nonlinearity of the fiber, g is the saturable gain coefficient, and g is the bandwidth of the laser gain. For undoped fiber g = 0; for doped fiber, we have considered its gain saturation as
where G is the small signal gain coefficient, and E sat is the normalized saturation energy. Different from the CGLE used for describing a distributed system [11] , here, we used the coupled GLEs to describe pulse propagation in fiber segment. As fiber birefringence always exists in fiber lasers, our model is closer to a practical fiber laser. In addition, the cross-phase modulation effect and the four-wave mixing effect are considered in the coupled GLEs, which make the simulation closer to the real system.
To possibly close to the practical case, we chose the following parameters: k = 0.1 (ps 2 /nm)/km, γ = 3 W −1 km −1 , g = 16 nm beat length L b = 2.3 m, and ϕ = 0.652π is the angle between the horizontal axis and the analyzer, the cavity length L = 2.9 DSF + 0.7 EDF + 0.5 SMF + 0.5 SMF = 4.6 m, the dispersion parameter k DSF = 4 (ps/nm)/km, k EDF = −40 (ps/nm)/km, and k SMF = 16 (ps/nm)/km. Experimentally, the time jitter of the pulse train became least when the cavity dispersion is zero [17] . Therefore, we numerically studied the case when the net cavity dispersion is zero to avoid the possibly influence from the time jitter.
Simulation Results and Discussions
Numerous simulations were carried out to search the phenomena of period-timing bifurcation. It is found that only when the cavity linear phase delay bias (CLPDB) [18] is large, which makes the nonlinear polarization switching threshold of the cavity so high that the pulse formed would have strong enough peak power, nonlinear phenomena such as period doubling or period-doubling bifurcations could be obtained. Numerically changing the CLPDB corresponds in the experiment to appropriately selecting the orientations of the polarization controllers in the fiber laser. When the CLPDBϕ = 1.5π, the saturation energy E sat = 2000, period-doubling bifurcations and period doubling route to chaos are obtained when the small signal gain increases while all the other parameters are fixed, as shown in Fig. 2 . The "chaos" here refers to the state that the output pulse intensity fluctuates randomly but within a certain range.
A uniform pulse train was first obtained when the G is small; increasing the G to a certain value, here is about 1726, the pulse peak power suddenly altered between two values; further increasing G, the peak power shuttled among four values; then among eight values; finally the pulse output became chaotic as suggested in Fig. 2(a)-(e) , respectively.
Numerically we found that when the CLPDBϕ = 1.7π, the saturation energy E sat = 1800, and all the other parameters remained unchanged, a period-tripling bifurcation route to chaos could be obtained as shown in Fig. 2 . When the G = 2000, a steady and uniform pulse train was obtained (see Fig. 2(f) ); increasing the value of G, the pulse output turned into chaotic at G = 2030 (see Fig. 2(g)) ; next, the pulse period in the cavity was tripled at G = 2139 (see Fig. 2(h)) ; then, it became period-6 state (see Fig. 2(i) ); eventually it turned into chaotic state again (Fig. 2(j) ).
In order to observe and understand the pulse period bifurcation evolution in the laser, we kept all the cavity parameters fixed, only changed the small signal gain with a step of 1. The bifurcation diagram for the pulse peak power versus the small signal gain was obtained as shown in Fig. 3 . The occurrence of the period bifurcation is obvious. Fig. 3(a) shows the period-bifurcation route from period-1 state, to period-2 state, next to period-4 state, then to period-8 state, and eventually to chaotic state. The "eye-diagram" is closing with the increasing of the period timing. It is difficult to distinguish the period-8 state. However, the period doubling tendency is evident. Fig. 3(b) shows a route from period-1 state, to chaos, then to period-3 state, to period-6 state, finally to chaotic state. Different from the period-doubling bifurcation route to chaos, where the route generally begins from the state of period one, the period-tripling bifurcation route to chaos is led by a direct route from period one to chaos.
It seems that Fig. 3 is similar to the results in [11] and [13] . However, it is desired to note that the period timing and period timing bifurcations are obtained with the only varying parameter of the small signal gain, which could be reproduced experimentally by simply changing the pump power alone.
For the sake of getting insight of pulse variation, we showed the spectra corresponding to the two period bifurcation routes to chaos, as shown in Fig. 4 . The optical spectrum for each state in the period doubling route to chaos was shown in Fig. 4(a) -(e), respectively. We plotted the optical spectrum of different rounds at one figure. Therefore, Fig. 4(a) showed one clear optical spectrum as it is period one, Fig. 4(b) showed two optical spectra as it is period doubling, Fig. 4(c) showed four optical spectra as it is period-4, Fig. 4(d) should show eight optical spectra, while Fig. 4(e) showed overlapping of the optical spectra as now it is a state of chaos. Fig. 4 (f)-(j) showed each state in the period tripling route to chaos, i.e., from period-1, to chaos, to period-3, to period-6, to chaos, respectively. Experimentally we can only measure the averaged pulse spectrum due to the mismatch between the optical spectrum analyzer sweeping time and the pulse repetition rate. Numerically, we can show it round by round. Therefore, we could compare the pulse spectrum of the laser output one by one even for the state of period bifurcation route to chaos.
The two different period bifurcation routes to chaos are obtained in the same fiber laser but with different operation conditions: different saturation energy and different CLPDB. Therefore, the appearance of period bifurcation and period bifurcation route to chaos is independent of the detailed cavity parameters. It is one of the intrinsic properties of the fiber laser.
Conclusion
In conclusion, we numerically studied the dynamic of pulse period bifurcation route to chaos in a passively mode-locked fiber laser with zero group velocity dispersion via dispersion management. With appropriate parameter selection, period doubling route to chaos was achieved with increasing gain and all the other cavity parameters fixed. In addition, another route from period-1 to chaos, then to period-3, period-6, and chaos again was obtained. The appearance of the nonlinear window of period-3 suggests that the ultrashort pulses generated from the zero-dispersion fiber laser have rich nonlinear dynamics. Bifurcation diagram for the pulse peak power versus the small signal gain directly showed the gradual evolution of the period bifurcation route to chaos. Two different period bifurcations and period bifurcation routes to chaos in a fiber laser suggests that the periodtiming bifurcation is the intrinsic property of fiber laser, which is independent of the detailed laser parameters. Strong enough nonlinearity accumulated is the only precondition for the appearance of period bifurcation. Fiber lasers are a suitable platform for nonlinear dynamic study. Apart from the changing of nonlinear gain alone, the varying of spectral filtering alone, or the altering of group velocity dispersion coefficient of the gain fiber alone, it is possible to achieve period tripling with the varying of the small signal gain only, which is easy to clarify in experiment.
